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Abstract. We study questions of the following type: Can one assign continuously 
and Sm-equivariantly to any m-tuple of distinct points on the sphere S*" a multipath 
in 5" spanning these points? A multipath is a continuous map of the wedge of m 
segments to the sphere. This question is connected with the higher symmetric topological 
I complexity of spheres, introduced and studied by I. Basabe, J. Gonzalez, Yu. B. Rudyak, 

and D. Tamaki. In all cases we can handle, the answer is negative. Our arguments are 
I in the spirit of the definition of the Hopf invariant of a map / : S^"^^ S*" by means 

of the mapping cone and the cup product. 



^ . 1. Introduction 

Let us begin with some definitions following I. Basabe, J. Gonzalez, Yu. B. Rudyak, 
^ ' and D. Tamaki pQ. For m > 2, denote by Jm the space obtained by gluing m segments 

■ li = [0, l]i (i = 1, . . . , m) together at t = 0. Denote the set of m right ends (for t = 1) of 

^ '. these segments by dJm- 

Definition 1.1. For a topological space X let Pm{X) be the space of all continuous maps 
Jm ^ X with the compact-open topology. 

I Definition 1.2. Consider the fibration 

in 



o 



which assigns to a map f : —> X the m-tuple of points /(Ij) comprising f{dJm)- This 
map is E^-equivariant with respect to the natural actions of the permutation group 
on Pm{X) (by right multiplication) and on X^™. 

The Schwarz genus (see [I3]) of the fibration em,x '■ Pm{X) — )■ is called the m- 

th topological complexity TCm{X) of X in pQ. (We always use the "reduced" Schwarz 
genus, so a fibration has a continuous global cross section if and only if its Schwarz genus 
^ I is 0.) Making use of the actions of and the equivariance of the projection map, the 

■ equivariant Schwarz genus (see [13]) of the fibration em,x '■ -Pm(X) — )■ X^"^ is called the 

m-th symmetric topological complexity TC^(X) of X in [T]. 

The study of topological complexity was begun by M. Farber in [B], and much of 
its development is summarized in Farber's book [3 Chapter 4]. The number TC2(X) 
coincides with the Schwarz genus of the fibration P2{X) X x X . In this case P2{X) 
agrees with the space of paths in X because J2 is just a segment. A section of e2,x 
over an open subset of X x A may be viewed as a partial motion planning algorithm, 
which is a continuous assignment of paths joining certain pairs of points of X. The 
minimal number minus one of open subsets of X x A which cover X x A and over 
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which sections of e2,x exist is the reduced Schwarz genus of the fibration e2,x', hence the 
minimal topological complexity of a motion planning algorithm coincides with TC2{X). 
If one requires a motion planning algorithm to be symmetric (the considered open subsets 
of X X X contain {y, x) when they contain (x, y), and the path assigned to a pair {y, x) is 
the reverse of the path assigned to {x,y)), then the corresponding topological complexity 
becomes the symmetric topological complexity TCf'(X). 

The higher topological complexity TCm(X) is obtained from motion planning algo- 
rithms spanning m-tuples of points by a path; it does not really matter whether we span 
points by a path or by an image of Jm (see Yu. Rudyak [12 )• The intuitive meaning of 
TC^(X) for motion planning algorithms is less clear, since in this case it is essential that 
Jm is acted on by the symmetric group, and any "model" chosen as a replacement for Jm 
would also need an action by the symmetric group. 

Definition 1.3. Define the configuration space Fm{X) to be 

FmiX) = {(xi, ...,Xm)e X^™ : Xi ^ Xj for i ^ j}. 

In [H Theorem 4.12] Basabe, Gonzalez, Rudyak and Tamaki show that lower and upper 
estimates of higher symmetric topological complexity involve the equivariant Schwarz 
genus of the restricted fibrations em,x '■= ^rn,x\e-'^^{F,„{x))'^ important that acts 
freely on Fm{X) and its preimage under em,x- The first step is to distinguish between 
(reduced) equivariant Schwarz genus zero and positive equivariant Schwarz genus. This 
leads to the following question, raised and answered in some particular cases in [T], and 
studied further in this paper: 

Question 1.4. Does the fibration em,S" have a Sm-equivariant section? 

Here we are going to prove: 

Theorem 1.5. If m > 3 and n = 2 (mod 4), then em,S" cannot have a T,m-equivariant 
section. 

Theorem 1.6. If n = (mod 4), n > 4, and n/A is not a power of 3, then e^^s" cannot 
have a H^- equivariant section. 

We state a more general result for all odd primes (including 3) as well as their multiples: 

Theorem 1.7. Ifm is divisible by an odd prime p and n = An'p'^ where s > 0, p\ n' , and 

n' > then em,S" cannot have a T^m- equivariant section. 

Remark 1.8. Assuming that the fibration em,S" has an equivariant section for m divisible 
by two odd primes p < q and n = An'p^q^ with n' coprime with p and q, we obtain the 
inequalities: n'p^ < and n'g* < From the latter inequality it follows that t = 0, 
n = 4n'p^, and the former inequality now becomes n < 2{q — 1). Hence for any m with 
two distinct odd prime divisors the fibration em,S" does not have an equivariant section 
for all n apart from a finite number of possible exceptions. 

The proofs of the above theorems rely on actually proving nonexistence of a D2m- 
equivariant section over the space of regular m-gons; see Section [3] for the definitions. But 
the proofs of the following theorems require the whole configuration space: 

Theorem 1.9. If m > 5 is a prime and n = (mod 4), then em,s" cannot have a 
Tim- equivariant section. 

Theorem 1.10. If m > A is even and n > 2, then Sm.s" cannot have a Tm- equivariant 
section. 
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Remark 1.11. In [H Proposition 5.5] it is proved that em,S" has no Sm-equivariant section 
for odd n and any m > 2. In the case of odd n there is a simple cohomological obstruction 
based on the degree of a map of a sphere to itself, while in the above theorems the 
obstruction uses an analogue of the Hopf invariant. In addition, by using the mod 2 
degree, it is proved in pj prior to the proof of Proposition 5.5 that £2,5" has no E2- 
equivariant section for all n > 1. 

Remark 1.12. The first open case of Question 11.41 is therefore m = 3, n = A; see the 
discussion of this case in the final section. Nonetheless, the theorems proved here (and 
Remark II. 8p . together with the lack of any approach that seems likely to produce equi- 
variant sections, provide evidence for the conjecture that there is no case with m > 2 in 
which has a Sm-equivariant section. 

Remark 1.13. In [H Corollary 5.4] it is shown that the Schwarz genus of £3,^" is at most 
1. Hence the above theorems imply that for n not divisible by 4 and n not of the form 
4 ■ 3* with s > the Schwarz genus of e^^s" is equal to 1. 

The above theorems are negative results, but they lead to a positive consequence: 

Corollary 1.14. Assume m > 2 and n > 2 are as in any of the above theorems, or n is 
odd. Then for any T,m-invariant map f : Fm{S^) , i.e. a map constant on orbits, 

there exists a configuration (xi, . . . , Xm) G Fm{S^) such that f{xi, . . . , Xm) coincides with 
one of the points xi, . . . ,Xm- 

Remark 1.15. From the proofs of Theorems I1.5H1.7I and [1, Proposition 5.5] it follows 
that in the corresponding cases of this corollary the configuration may be chosen to be a 
regular m-gon centered at the origin. Moreover, in these cases it is sufficient to assume 
that / is defined only for such regular m-gons and is invariant with respect to the action 
of the dihedral group D2m- If we rely on Theorem 11.91 then the configuration still may 
be chosen to be a regular m-gon, but the map / has to be defined and D2m-invariant on 
the whole configuration space. In Theorem ll.lUl the domain is necessarily larger; see the 
details in Section (TUl 

Proof. Assume the contrary and put 

h(X\^ . . . , Xfn) f{X\^ • • • ) ■^rri)' 

The point h{xi, . . . , Xm) is not antipodal to any of the points xi, . . . , Xm- So h[xi, . . . , Xm) 
can be connected with every point xi, . . . , by a unique shortest path. Therefore we ob- 
tain a continuous Em-equivariant section of em,S", which cannot exist by the corresponding 
theorem of this paper or p^J, Proposition 5.5]. □ 

The paper is organized as follows. In Section [2] we reduce Question 11.41 to a question 
about existence of certain Sm-equivariant maps from configuration spaces to a sphere. In 
Sections |3] and m we describe the spaces of regular m-gons. In Section [5] we list the needed 
facts about the cohomology of dihedral groups. Then in Sections I6HTO] we prove the main 
results. In Section [11] we discuss the first open case m = 3, n = A and explain why our 
approach fails in this case. 

Acknowledgments. We owe a major debt of gratitude to Fred Cohen for numerous 
discussions about these problems, and for the insights he has generously shared with 
the authors. We are also grateful to Jesus Gonzalez for his interest and many helpful 
comments. 
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2. Reduction of Question 11.41 

Fix the numbers m and n and denote em,S" simply by e. A Sm-equivariant section of 
e : e~^{Fm{S"')) — )■ Fm{S"') assigns to an m-tuple (xi, . . . ,Xm) G Fm{S"') a map 

9{xi,...,Xm) ■ Jrn ^ S 

SO that the restriction \dJm gives these m points xi, . . . , a;^ in the prescribed order, 

and if we permute (xi, . . . , Xm) the map is right- mult iphed by the corresponding 

permutation of branches of Jm- 

Obviously, this gives an adjoint map g : Fm{S^) x Jm ^ S"'. If we consider Jm as m 
segments Ji, . . . , glued together, we see that g gives m maps 

g, : Fm{S^) X /, ^ 5". 
Define the map g : x J ^ (^n^xm j^j^^^g j ^ 

^((xi, ...,Xm),t) = {gi{{xi, . . . , t), . . . , fi-mlla;!, . . . , Xm), t)) . 

The conditions on the section g are equivalent to the following: g{-,t) is S^-equivariant 
for all t, g{-, 1) coincides with the standard inclusion 

and g{-, 0) assigns to any m-tuple (xi, . . . , Xm) an m-tuple 

(giiixi, . . . ,x„),0), . . .,gmiixi, . . . ,x„),0)) 

of equal points of S*" (because Ji, . . . , are glued at t = to form Jm)- 
Putting g{-, 0) = {h{-), . . . , h{-)) we have proved: 

Lemma 2.1. Question \1.4\ is equivalent to the following: Is there a J^m-equivariant ho- 
motopy between the natural inclusion l : Fm(5'") — (5'")x™ and the map Ao k, where 

is the inclusion of the thin diagonal, and h : Fm{S"') — ?■ 5"" is some J^m-equivariant map? 

Remark 2.2. Here and below we assume that the sphere S" has trivial S^-action. 

In the following lemma the action of T^m-i on Fm{S^) is the action by permutations of 
m-tuples (xi, X2, . . . , Xm) which fix xi. 

Lemma 2.3. The fibration em,S" has a T^m-equivariant section over Fm{S"') if and only 
if there exists a T^m-equivariant map h : Fm{S") — >■ S^, Hm-i-equivariantly homotopic to 
the compositiom^io L, where t^i : (S*")^"^ — )■ S"" is the natural projection to the first factor. 

Proof. Assume that a Sm-equivariant section of em,s^ exists. By Lemma 12.11 we have a 
Sm-equivariant map h : Fm{S'^) — )■ such that A o h is equivariantly homotopic to 
i : Fm{S^) —7- (5''^)^'". Then left-multiplying by the Sm_i-equi variant map tti we obtain 

TTi O A O /i TTi O L. 

It remains to note that tci o A = ids^- 

Now assume that there exists a E^-i-equivariant map 

g^ : x / ^ 5" 

such that gi{-, 0) is Sm-equivariant and 5fi((xi, . . . , Xm), 1) = xi. Put gk{{xi, . . . , Xm),t) = 
gi{{xk, xi, . . . . . . , Xm),t) for A; > 1 and 

^((Xi, . . . , X™), t) = (fi'l((Xi, . . . , Xm), t), . . . , gmiiXl, ...,Xm),t)). 
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The map g is Em-equivariant: 

. . .,X^(rn)),t) = (fi'l((x^(i), . . . ,X^(rn)),t), . . . , fif^ ( (a;<^(i) , . . . ,X^(„)),t)) = 
= (giii^ail), ■ ■ ■ ,Xa{m)),t), ■ ■ ■ , 5'l ( (^^^(m) , a^a(l) , • • • , Xa{m-1)) ,t)) = 

= {9a{l){{Xi, . . .,Xm),t), . . ■,ga{m){{Xi, . . .,X^),t)) , 

and obviously the map ^ is a homotopy between t (at t = 1) and Aoh, where h = gi{-, 0). 
So we apply Lemma [2. II □ 

3. Regular polygons in Fm{S"') 

We assume m > 3. Let us describe a subspace of ^^(5""). 

Definition 3.1. We denote by Dm{S") C Fm{S"') the space of regular planar m-gons 
xi, . . . ,Xm centered at the origin. The vertices xi, . . . ,Xm lie on the unit sphere S"' and 
are considered to be labeled in one of the two cyclic orders. 

This subset is not S^-invariant unless m = 3, but it is always invariant with respect to 
the action of the dihedral group of order 2m, which we view as a subgroup of E.^,. 
In order to prove Theorems IL5[ 11.61 and IL7I we are going to use Lemma 12.31 and replace 
the full space Fm(S'") by its subspace Dm (5'") and Sm-equivariance by D2m-equivariance. 
We denote by Zm the integers mod m, frequently viewed as the subgroup of or the 
symmetric group consisting of the cyclic permutations. 

The space Dm{S^) is easily seen to be homeomorphic to the Stiefel manifold Ki+i,2- 
Namely, to {x,y) G Ki+i,2 "we assign {xi, . . . ,Xm) G D^iS"'), where Xi = x together with 
the further points X2, ■ ■ ■ , Xm form the regular m-gon in the plane spanned by x and y so 
that the order of the vertices proceeds in the same sense as the rotation from x to y. In 
this way, we shall identify these two spaces. We need the following information about the 
map TTi : Dm{S''^) — ^ ((xi, . . . ,Xm) ^ xi), which is the restriction of the map tti from 
Lemma 12.31 to the space of regular m-gons: 

Lemma 3.2. Let n he even. The map tti : Dm{S^) — 5"" is the projection of the sphere 
bundle of the tangent bundle of S*". Therefore H^{Dm{S^)) = Z m dimensions 2 = 
and i = 2n — 1, H^{Dm{S^)) = Z2, all other cohomology groups are zero, and the map 
TT* : ^ H''{Dra{S'')) IS a surjection. 

Proof. Since D^iS^) has been identified with the identification of Dm{S"') with the 

set of unit tangent vectors of 5" is obvious. From the spectral sequence of this fibration 
with 

^2(711) = H*{S'')(S)H*{S''-^) 

we see that the only nonzero differential is dn '■ E^'"'~^ ^n'^i which is multiplication 
by 2 (the Euler characteristic of S^). This implies all the needed facts (which also follow 
from the Gysin sequence). □ 

Since H'^"'~^{Dm{S"')) = Z, we conclude that Dm{S"') is an orientable manifold. The 
following lemma shows that when n is even Dm{S"') / is also an orientable manifold. 

Lemma 3.3. For m > 3 and even n, the action of the dihedral group D2m on D^iS"') 
preserves orientation. 

Proof. We first observe that the action of the cyclic subgroup Z^ preserves orientation. 
Indeed, the action of extends to an action of the circle group, in which e*'' maps 
a pair (x, y) in the corresponding Stiefel manifold to {cos{d) x + sin('i9) — sin('(9) x + 
cont'd) y)-„ so that (x, is rotated through the angle 'd in the plane they span; hence 
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the action of Z.^ preserves orientation. It remains to show that one element of not 
in its cychc subgroup also preserves orientation, and for this we take the element which 
sends an element (xi, X2, . . . , Xm) G D^iS"') to the element {xi, Xm, • • • , X2) listed in the 
reverse cyclic order. Then each element (x, y) of the corresponding Stiefel manifold is sent 
to {x,—y). Hence we obtain an involution of the Stiefel manifold which for the bundle 
projection (x, x can be described as an automorphism which fixes the base S"" and 
acts as the antipodal involution on each fiber. The fibers are spheres of odd dimension, 
on which the antipodal map preserves orientation; hence the orientation of the Stiefel 
manifold is also preserved. □ 

Denote by Z2 C -D2m the subgroup generated by the flip fixing xi (which appeared in 
the previous proof). The proof of Lemma [2.31 yields the following reduction: 

Lemma 3.4. If the fibration 6m,s" has a D2m-^(}U'ivariant section over Dm{S^) then there 
exists a D2m.-^<iuivariant map h : Dm{S^) — , 7j2- equivariantly homotopic to the com- 
position 7Ti o where l : Dm{S^) — )■ (5'")^™' is the natural inclusion. 



by 



4. A NOTE ON TRIANGLES 
In the particular case m = 3 we know even more. Define the function E : ^3(5*") — )■ 

^/ , X 1 1 1 

E{a, b, c) = + + 



b\ \b — c\ |c — a| 

This function is smooth and proper. A configuration (a, 6, c) G -^3(6'") is a critical point 
for E if and only if aba is a regular triangle centered at the origin. This can be proved in 
two steps: 

• If the affine 2-flat L spanned by a, b, c does not contain the origin then we move L 
towards the origin keeping Aabc in it homothetic to itself. This motion decreases 
E{a, b, c) with negative derivative. 

• When G L express the side lengths of Aabc by 2 sin a, 2sin/3, and 2 sin 7 for 
positive a, /3, 7 with a + /3 + 7 = 7rso that 

111 

2E = + -—- + 



sin a sin (3 sin 7 

Differentiating twice implies that E is strictly convex and therefore has a unique 
critical point (a minimum) ata = /3 = 7 = |. 

Therefore the gradient flow of E establishes a S3-equivariant deformation retraction of 
F^iS"") onto DsiS""). 

Another way to establish an equivariant homotopy equivalence in the case n = 2 is to 
first identify ^3(5*^) with the group of Mobius transformations PSL(2, C) of the Riemann 
sphere (it is classical that triples of points in CP^ = S'^ admit a simply transitive action by 
PSL(2, C)), and to then notice that S0(3) is a maximal compact subgroup of PSL(2, C). 
A non-equivariant homotopy equivalence ^3(5*") ~ 1^3(5'") is established by E.R. Fadell 
and S.Y. Husseini in ^ Chapter III, Proposition 1.1, p. 32]. 

Finally we obtain the following: 

Lemma 4.1. The fibration £3,51 has a T,^- equivariant section over Fs{S") if and only if 
there exists a T,^- equivariant map h : £'3(5'") — )■ S"', 'L2-^(luivariantly homotopic to the 
composition tti o where l : D^IS") (S*")^^ is the natural inclusion. 
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5. The cohomology of dihedral groups 

Before proving Theorems 11.51 and 11.61 we need some facts about the cohomology of 
dihedral groups and the spaces Dm{S^) / D-2m- The first lemma follows from the explicit 
description of the additive structure of H*{D2m) given by D. Handel in the proofs of 
Theorems 5.2 and 5.3 in [8]: 

Lemma 5.1. Fori > 0, if the cohomology group W{D2m) /a^k to be 2-primary then i = 
(mod 4). 

More precisely, suppose that p is an odd prime and that p'^\\m, i.e. m = p^k with 
{p, k) = 1. If i > and i = (mod 4), then the p-primary component of W{D2m) "is Z^r, 
while if j ^ (mod 4) then H^{D2m) has no p-torsion. 

Lemma 5.2. If the cohomology group H^{Dm{S^) / D2m) fails to be 2-primary thenn = 
(mod 4). // the group H"'^^{Dm{S"') / D2m) fo^Hs to be 2-primary then n = 1 (mod 4). 

Proof. Consider the Cartan-Leray spectral sequence [2] with 

El^'^ = H^{D2m;H\D^{S''))), 

converging to H* {Dm{S'^) / D2m) ■ By Lemma 1331 the group D2m acts trivially on the coho- 
mology of Dm{S"'). From Lemma [3l2] it follows that the only nonzero rows of this spectral 
sequence occur for q = 0, n, 2n — 1. In the n-th row we have if^(-D2m; ^2), which has 
no odd torsion. Hence all the odd torsion in if"(L)^(^")/L)2m) and if"-i(L'„(5")/D2m) 
comes from the group cohomology and we may apply Lemma 15.11 □ 

Lemma 5.3. If m is even and n = 2 (mod 4), then the group H"'{Dm{S"') / D2m) is a 
A-torsion group. In the particular case m = 4 the group H^{D4{S"')/ Dg) is a 2-torsion 
group. 

Here an abelian group is called a k-torsion group for a positive integer k if each of its 
elements a satisfies ka = 0. 

Proof. It follows from Lemma 15.11 that the group cohomology H^{D2m) is a 2-torsion 
group. Consider again the spectral sequence with 

El^'' = HP{D2.^-H''{Dm{S''))) 

with blank rows in the range l<g<r;, — 1. If dn+i is nonzero on 

then H"'{Djn{S"') / D2m) = H"-{D2m) and the proof is complete. 
Otherwise we obtain the exact sequence 

^ H^iD2rn) ^ H^{DUSn/D2nd ^ //"(An(^")) 

and note that i^"(L'„(5")/D2m) is a 4-torsion group since i/"(L'm(^")) = Z2. 

If m = 4 we note that L>4(^")//^8 = K+1,2/^8 ^ F2(MP")/S2 = S2(MP"). The 
latter space is studied by C. Dommguez, J. Gonzalez and the second author in and [H 
Theorem 2.2] implies that if"(i?2(M-P")) is a 2-torsion group when n = 2 (mod 4). □ 

6. Proof of Theorem 11.51 

We are going to use reasoning in the spirit of the definition of the Hopf invariant of a 
map / : S"^""'^ — )■ S"' by means of the mapping cone and the cup product. 

Using Lemma 13. 4[ we assume that a continuous map h : Dm{S"') — )• S"' is D2m- 
equivariant and Z2-equivariantly homotopic to the map tti described in Lemma 13.21 
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There results a map h' : Dm{S"')/D2m S"^ so that h admits the factorization h = 
h' o g, where q : Dm{S'^) Dm{S^) / is the orbit projection. Consider the mapping 
cones X = S'^Uh CDrniS"^) and X' = S" Uh' C(D„(S")/D2m) and the corresponding 
commutative diagram: 

DUSn — ^ X ^ S{Dm{S^)) 

TT 

There results a commutative diagram of long exact sequences of cohomology groups (note 
that H^iSiD^S^))) = H^-\Dm{S^)) = 0): 

> H'^X) H''{D.m{S'^)) 

(6.1) T A 

The map h is non-equivariantly homotopic to tti. From Lemma 13.21 it follows that 
the space X is homotopy equivalent to the Thom space of the tangent bundle of S"", so 
its cohomology is isomorphic to Z in dimensions 0, n, 2n and zero in other dimensions. 
Denote generators by x G H^{X) and y G if^"(X). From the definition of the Euler class 
it follows that x ^ x = 2y for a suitable choice of the generator y. 

Denote by a a generator of H^{S^). By Lemma [3.21 in the upper row of (16.11) the map 
h* is a surjection and we have A*(x) = ±2a. 

Let us describe the lower row of (16.11) . By Lemma [5.21 and the hypothesis that n = 2 
(mod 4), the groups H"-{DmiS'')/ D2m) and H'^~'^{Dm{S'^) / D2m) are 2-primary. Hence 
the group H^{X')/h'*{H"'~^{Dm{S^)/D2m)) is isomorphic to Z; denote by x' an element 
of H"'{X') which represents a generator of this infinite cyclic quotient group. It is clear 
that fi*{x') = ±sa where s is a power of 2. Since X*{x) = ±2a and fi*{x') = ±sa it follows 
that TT*{x') = ±tx, where t is a power of 2, possibly equal to 1. (Observe that s = 2t.) 
From the diagram (another part of the map between the long exact sequences) 

^ H^^{X) 

TT 

H^''-\Dm{S'')/D2m) H^'^iX') 

we conclude that the group if^"(X') is isomorphic to Z with a generator y' such that 
7i*{y') = 2my, since the manifolds Dm{S'^) and D^^S'^) / D2m are orientable by Lemma [X51 
For some integer c we have x' x' = cy'\ this equality does not depend on adding an 
element of i'*{H"'~^{Dm{S'"') / D2m)) to x'. Then applying tt* we obtain t'^x ^ x = 2mcy, 
and therefore = mc. From the latter equation it is clear that m must be a power of 2. 
In this theorem m > 3, so in particular m is even. Now we apply Lemma [5.31 to conclude 
that s<4, sot = s/2<2 and the equality = mc is possible only for m = 4 and t = 2. 
But applying Lemma [5.31 again for m = 4 we obtain that s < 2, and therefore t = 1, a 
contradiction. This completes the proof of Theorem 1.5. 

7. Proof of Theorem 11.61 

We repeat the above reasoning literally and only have to show that the map /i* in 
fj6.ip is multiplication by a power of 2 on generators. In order to show this we have to 



ESTIMATING THE HIGHER SYMMETRIG TOPOLOGIGAL GOMPLEXITY OF SPHERES 



9 



prove that the image of the map h'* : H^{S^) — > H^{D^{S^) /Tj^) hes in the 2-primary 
component of H''{D^{S'') /T.-i). 

Besides the 2-primary component of H'^{D^{S'^) /H^) there exists a 3-primary compo- 
nent, isomorphic to Z3 (see Lemma [5. ip . So we pass to modulo 3 cohomology and to the 
cychc subgroup Z3 C E3. Assume the map h factors through h" : Dm{S'^) jX^ — )■ 5*". 
Now we have to prove that 

h"* : H^{S^-¥,) ^ /J"(D3(5")/Z3;F3) 

is the zero map. The space D^{S'^) is a mod 3 cohomology sphere having dimension 2n — l, 
so the cohomology ring if*(Z)3(S'"')/Z3; F3) is a truncation of the group cohomology, i.e. 
it has generators u,w with dimw = 1, dimw = 2, satisfying the relations (/3 denotes the 
Bockstein homomorphism) 

^2 = 0, (3{u) =w, = 0. 

Note that a generator a G H"'{S"';¥3) is annihilated by any cohomology operation of 
positive degree. But the Steenrod reduced powers 

of g i7"(D3(^«)/Z3;F3) satisfy 

,n/2^ _ / '^/2\ „/2+2i 



So if a maps to cw"/^ with c G F3, then ("/^) = (mod 3) for i = 1, . . . ,n/4 - 1. 
Equivalently, putting N = n/A, (^^) = (mod 3) for i = 1, . . . , — 1. By hypothesis N 
does not have the form 3** with s > 0, so a contradiction follows from: 

Lemma 7.1. For a positive integer N , all binomial coefficients (^^) vanish mod 3 for 
< i < N if and only if N has the form 3* for some s > 0. 

Proof. Let t be an indeterminate. Then the vanishing of the binomial coefficients in the 
statement of the lemma is equivalent to requiring that 

(7.1) + t)'N ^ I + (^I^^N ^ ^2N ^^^^^y 

In case iV is a power of 3, possibly equal to 1, this last condition is easily verified (and 
one learns that the "middle" binomial coefficient is congruent to 2 mod 3). Of course, 
it is the converse that is really needed here. Suppose N is not a power of 3. Then the 
formula of Lucas for binomial coefficients modulo a prime implies that there is a smallest 
integer i,0 <i < N, such that (^) ^ (mod 3). Then expand (1 + 1)^^ = ((1 + t)^f 

to find that there is a nonzero term 2(^)t* appearing in the expansion of (1 + 1^^ mod 
3, which violates the condition (17. ip at the start of the proof. □ 

8. Proof of Theorem 11.71 

First we note that both spaces Dp{S"') and Dm{S"') are identified with the same Ki+i,2- 
The corresponding homeomorphism : Dp{S"') Dm{S"') is obtained by adding m/p—1 
further vertices uniformly placed on every geodesic ] between successive (mod 

p) vertices of a p-gon. It is clear that is Z}2p-equivariant. If h : Dm{S^) — )■ S"" satisfies 
the hypothesis of Lemma [3^ then so does (j) o k : Dp{S^) — )■ S^. So we have reduced the 
problem to the case of regular p-gons. 

For odd primes p the cohomology H*{'Lp\ Fp) has structure similar to H*{'L^] F3) consid- 
ered above, with a generator w G H'^{Zp; Fp). The space Dp{S'^) is a (2n— l)-dimensional 
mod p homology sphere. As above, it suffices to find a cohomology operation on the 
cohomology H*(Dp(S"') /7jp]¥p) which acts nontrivially on w"/^. 
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We examine the mod p Steemod reduced powers, which satisfy 

For an indeterminate t, notice the following congruence of polynomials mod p: 
(1 + t)"/2 = (1 + t)2«V ^ (1 + ^P^)2n' _ ^ ^ 2n'tP' + higher powers of t. 

Assuming that all the Steenrod powers < n vanish, we obtain 

the following (equivalent) inequalities: 

2n'p'' + {p- l)p^ >n = An'p" (p - 1) > 2n' ^ n' < ^^-y^, 
which contradicts the hypothesis of the theorem. 

9. Proof of Theorem 11.91 

In this theorem we use the squaring relation {w'^^'^Y = instead of the Steenrod 
operations. In the mod m cohomology of Dra{S^) /Tjm we have = 0. (Recall that m 
is assumed to be a prime, m > 5.) So we have to consider the whole configuration space 
and use its cohomology. 

We need to prove that the map h"* : /f"(5"; F„) ^ iJ"(D^(5")/Z„; F^) is trivial. The 
map h" is a composition h" = l o Hq, where l : Dm{S"')/Zm — > Fm{S'^)/Zm is the natural 
inclusion and : Fm{S'^)/Zm — ?■ 5*" comes from the original map Hq : F^iS"') — > 
satisfying the hypothesis of the theorem and Lemma 12.11 

Again let w G H'^{Zm;¥m) be a generator. We need the following facts about the 
cohomology of F„(M'^)/Z^: 

Lemma 9.1. Let m > 5 be a prime. The cohomology if"(Fm(]R")/Zm; F^) is generated 
by the power w"'^'^, and its square is nonzero. 

Remark 9.2. For m = 3 the cohomology if"(F3(]R")/Z3; F3) is also generated by the power 
w"/^, but w"" = because the group i7^"'(F3(M")/Z3; F3) vanishes. Moreover, the group 
i72"(i?3(§")/Z3;F3) = H'^''{D3{S'')/Z3;¥3) also vanishes and the approach with squaring 
is not applicable to the case m = 3. 

Proof. The cohomology if*(Fm(]R"); F^) is nonzero only in dimensions 0,n — l,2(n — 
1), . . . , (m — l)(ra — 1); and it is composed of free Fm[Zm]-modules except for dimensions 
and (m — 1)(?t, — 1), see F. Cohen and L. Taylor 0, Theorem 3.4, Corollaries 3.5 and 3.6]. 
Therefore the only nonzero entries in the E2-teTm of the Cartan-Leray spectral sequence 
for Fm(IR"') are if*(Zm; Fm) in the zeroth row, something nonzero in dimensions i{n — 1) 
(0 < i < m — 1) in the zeroth column, and something nonzero in the (m — l)(n — l)-th row. 
Because of the if*(Zm; Fm)-module structure of this spectral sequence the only nonzero 
differential in this spectral sequence can act from the (m — l)(n — l)-th row to the zeroth 
row, thus preserving w"/^ of dimensions n,2n < (m — l)(r2 — 1) (we use m > 5 

and n > 4 here!) in the term Eoo- □ 

Evidently, there is a Sm-equivariant inclusion Fm(M'^) — ?■ Fm{S'^) and is also nonzero 
in H'^'^{Fm{S'') /I'm'i^m)- Thus w"/^ cannot be a multiple of /io*(«) because = 0. But 
this does not exclude the possibility h"*{a) 7^ because the group if"(Fm(5'"))/Zm; F^) 
may not be generated by w"^'^. 

The inclusion Fm(]R") — )■ ^^(5"") is obtained by choosing a base point Xq G S"- and 
identifying M" with S*" \ {xq}. Let us describe the difference set ^^(5"") \ ^^(IR"). This 
difference corresponds to configurations (xi, . . . , x^) such that for one index i we have Xi = 
Xq. The other points {xj}j-^i form a configuration in Fm-i(M'^). Hence Fm{S"')\Fm(W^) is 
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a union of m smooth manifolds Xi U • • ■ U Xm] each Xi is diffeomorphic to and 
they are permuted freely by Z^- Moreover we note that Xi is the preimage of zero under 
the natural projection map tti : Fm{S"') — > S*", so it has a normal framing in ^^(5""). It 
follows now that the pair 

(F^(^")/Z„,F^(M")/Z„) = \Xi) 

is homotopy equivalent to (D" x Xi,5"" x Xi), where (D", S*") is the n-ball and its 
boundary. Hence the cohomology H'''{Fm{S"')/Zm, Fm{^"')/1'm',^m,) is trivial for z < n 
and generated by one element x for i = n. Now from the long exact sequence of the 
pair (F^(5")/Z^, F^(M")/Z„) we obtain that the group F^) is spanned 

by two elements: ly"/^ and the image of x, which we denote again by x. If this image 
is zero then we are done, so we may assume that x 7^ G H"'{Fm{S"')/Zm',^m)- The 
multiplication is determined by the relations x^ = (from the cohomology of {D",S"')) 
and wx = 0, because the pairs (Fm(5'"), Xj) are permuted freely by Z.^ and the entire 
cohomology H* {Fm{S"') /Zm, FmiM.'") f^m'j^m) is therefore annihilated by w. 

Now assume that hQ*{a) = ax + bw^^'^. By taking squares we obtain {ax + bw"'^'^Y = 
b'^w"' = and therefore 6 = 0. Hence we have to calculate ?/ = l*{x) G H'"{Dm{S'")/Zm;¥m) 
Consider the (n — l)-sphere Yi C Dm{S") formed by m-gons with the first vertex coin- 
ciding with xq. It is clear that y is Poincare dual to the cycle 




It is clear that the cycle Cy of Dm{S"')/Zm is the natural image of the cycle Yi of D^iS"'). 
But the latter cycle represents the generator of Hn-i{Dm{S"'); Z) = Z2. Hence modulo m 
we have [Si] = 0, [cy] = 0, and therefore y = 0. 

Now we have estabhshed that h"*{a) = G F^); the rest of the proof 

proceeds as in the previous arguments. 



10. Proof of Theorem 11.101 

Let us start with the case m = 4. Consider the subspace Q4,{S"') C ^4(5*") consisting of 
4-tuples (xi, X2, X3, X4) satisfying the equations (the distance is measured in the ambient 
Euchdean 

(10.1) lla^i — 3^3 II = ||a;2 — 3^411 = 25 

(10.2) X1 + X3 + X2 + X4 = 

(10.3) ||a;i + X3-a;2-X4|| = 4^1 - 5^. 

Here 5 is a fixed number satisfying < 5 < 1. Informally, we consider configurations 
of four points such that the midpoints of the geodesic segments [xi,X3] and [0:2, a;4] are 
antipodal and the lengths of these segments are fixed. This subspace is obviously Dg- 
invariant. In the particular case 6 = l/y/2 this space includes squares inscribed in S*". 

Consider another configuration space Q^iW''^^) given by the same equations fllO.ip - 
(110.31) but without the assumption that xi,...,X4 G If S < I/V2 we have the 

inclusion Q4(M"+^) C F4(]R"+^). Informally, Q4^{W-~^^) consists of 4-tuples (xi, 2:2, Xs, X4) 
such that the distances ||xi — X3II and ||x2 — X4II are fixed, the midpoints of [xi,X3] and 
[x2,X4] are antipodal, and the distance between those midpoints is also fixed. Obviously 
Q4^{U."'~^^) can be identified with S"" x S"" x S"" because the directions of Xi -|- X3 — X2 — X4, 
Xi — X3, and X2 — X4 define uniquely the configuration (xi, X2, X3, X4) G Q^iM."''^^) and can 
be prescribed arbitrarily. Thus Q4{W^~^^) is (n — l)-connected. 
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The space Q^i^S"") is not so simple as Q4(M"+^). The map vr : Q^i^S"') — )■ 5" defined by 
(10.4) TT : (xi,a;2,a;3,X4) H- ■ 

makes Q4(S'") a bundle over with fiber S*""^ x 5*""^. More precisely, if we denote by 
r the tangent bundle of S"' with its corresponding sphere bundle S{t), then Qii^S"-) = 
S{t) Xgn S{t). Hence the space Q4,{S"') is {n — 2)-connected. 

If n grows both spaces Qii^S"-)/ Dg and Q4^(W"-^^)/ Dg approach the classifying space 
BDs- In fact, Qi{M."'~^^)/Ds is a standard approximation to BDs which is useful in the 
study of the cohomology H*{Ds; ¥2), see the definition of the wreath product of projective 
spaces (M(g,4) = Q4{W+^) and M(g,4) = Q^{W+^)/D8 in our notation) in N. Hung P 
Section 1, p. 254]. We need the following fact about the cohomology of Q^i^S'^) / D^: 

Lemma 10.1. The natural map kI : H*{Ds]¥2) — )■ H*{Q4^{S'^) / Dg]¥2) is surjective in 
dimensions < n. 

Until the end of this section we assume mod 2 cohomology and omit the coefficients F2 
from the notation. 

Proof. Note that BD^ = Q4{R'^)/Ds is a bundle over RP°° with fiber MP~ x RP°°. Its 
corresponding spectral sequence starts with 

E2 = H*{Z2; H*{Z2) ^ H*{Z2)), 

where we identify H*{RP'=^) with H*{Z2) and assume that Z2 acts on H*{Z2)<^H*{Z2) by 
permuting the factors. A lemma of Nakaoka [llj (see also Theorem 2.1 and the remark 
about the graded algebra structure after it in I. Leary [10]) asserts that this spectral 
sequence collapses at E2 and there is an isomorphism of graded algebras 

H\Dg) = H*{Z2 I Z2) = H*{Z2; H*{Z2) ® H*{Z2)). 

Now we consider Qi{S'')/Ds as a bundle over MP" with fiber MP"-i x MP"-^ The 
homomorphism of £'2-terms 

4 : H*{Z2] H*{Z2) ® H*{Z2)) H*{RP"-, if*(MP"-^) (g) H*{RP"-^)) 

is surjective in dimensions < n. Indeed, it is an isomorphism on i^^g'^ for p + g < n and 
q < n — 1, while in i?2'" annihilates the element 

® 1 + 1 ® G i^°(Z2, H*{RP°°) ® H*(RP°°)), 

where we denote the generators of H^{RP°°) in the respective factors by Ci and C2- There- 
fore the resulting homomorphism 

k; : H*iDs) ^ H*{Q,iS")/Ds) 

is surjective in dimensions < n. □ 

Now we are going to use Lemma 12.31 The subgroup of that fixes Xi is the copy 
of Z2 that exchanges X2 and X4. The map tti : Q^iS^) — )■ S*" of Lemma 12.31 is Z2- 
equivariantly homotopic to the map vr defined in (110.41) by connecting xi and ip^4^. By 
Lemma 12.31 we assume that vr is Z2-equivariantly homotopic to some Dg-equivariant map 
h : Q4(5") ^ 
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Denote the corresponding maps by /i2 : Q/^iS"^^ jTL^ S'", : Q^^i^S'^) / — )• S*", and 
q : Qi^S"^) /7j2 — Qii^S"')/ Ds so that /i2 = /is ° From the commutative diagram 

H^{Q,{S^)/Z2) H^{Q,{S^)/Ds) 

iy"(Z2) ^ H^{Ds) 

and Lemma [10.11 we obtain that the image q*{H'^{Qi{S'"') / D^)) (and therefore the image 
is contained in the image ^^(//"(Zs)). 
The space Qi{S^) 12,2 is a bundle S{t) Xs^ -P(t) over 5*". Here -P(t) is the projective 
bundle corresponding to r and the bundle projection is the map n defined in fll0.4p . The 
spectral sequence of this bundle collapses and therefore 

(10.5) H*{Q^{S'')/Z2) = H*{S''-^) ® i7*(MP""^) ® H*{S'') 

additively. Since all the Stiefel-Whitney classes of r vanish we in fact obtain an iso- 
morphism of graded algebras. It follows that the image of is multiplicatively gener- 
ated by H^{M.P"'~^) and does not contain the nontrivial element of tt*{H"'{S"')). Thus 
the conditions of Lemma 12.31 cannot be satisfied. Another way to prove this without 
the multiplicative structure in (110. 5p is to note that there is an {n — l)-sphere bundle 
V? : Qa{,S^) /Ij2 — )■ P{t) and the maps and vr* pass through H*{P{t)) (because the 
maps 1^2 and vr factor through ip). The vanishing of Stiefel-Whitney classes of r ensures 
the isomorphism of graded algebras H*{P{t)) = H*(KP'^~^) H*{S"'); hence the image 
of K2 is generated by if^(]RP"~^) and cannot contain the generator of n*{H"'{S"')). 

Finally we treat the case of arbitrary even m = 2£ > 4 by producing a -Ds-equivariant 
embedding Q^^S^) — )■ FmiS""). This embedding is constructed by replacing the pair 
{xi, X3) with i points (including the end points) distributed uniformly on the geodesic seg- 
ment [xijXs], and the same for the segment [0:2, 2:4]. A Sm,-invariant map hm '■ Fm{S"') — )■ 
therefore induces a Dg-invariant map : Q4{S"') — )■ S"" which has already been shown 
to be impossible. 

11. Remarks about the gase m = 3 and n = A 

In the open case m = 3, n = 4 it would be sufficient (following the approach in Section [7]) 
to find a cohomology operation of positive degree that takes G H^^Ds^S"^) /Z^^Fs) to 
a nonzero element of dimension < 7. The Steenrod reduced powers fail to do so (see 
Section [7]) and moreover squaring does not work (see Remark 19. 2p . 

Remark 11.1. The rest of this section replaces ZI3 by its subgroup Z3, so we try to solve 
positively a relaxed version of Question 11.41 without any success. 

A relevant example is the original Hopf map S"^ — i- S'^ (considered as the natural 
projection of unit vectors in EP to M.P^ = S'^), which is Za-equivariant (we may assume 
Z3 C Sp(l)) and maps the generator a G H^IS"^; F3) to a nonzero multiple of 

So the class w'^ G if^(S''^/Z3; F3) is annihilated by any cohomology operation of positive 
degree. The sphere S"^ has the same mod 3 cohomology (and Z3-equivariant cohomology 
mod 3) as D^IS^). We note one difference, but do not know if it will prove helpful: The 
action of Z3 on S''' cannot be extended to an action of S3 D Z3. 

In an attempt to give a positive answer for Question II. 41 for m = 3, n = 4 we may try to 
construct a Z3-equivariant map D^IS'^) — ?■ S'^ homotopic to tti o t as in Lemma S]TJ In the 
case n = 2 such a map D^i^S^) — )■ is easily constructed by considering two "centers" of 
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the triangle and selecting one of them according to the orientation (here Zs-equivariance 
is essential). 

But the situation is more difficult in the case n = 4. For a triple (a, b, c) G 1^3(5''^) denote 
its 2-dimensional linear span by a{a, b, c) and its 3-dimensional orthogonal complement 
by (3{a,b,c). It would be sufficient to find a Zs-equivariant map h : D^i^S'^) — )■ such 
that h{a, b, c) G /3(a, b, c) for any triple. But G. Whitehead showed in [13] that we cannot 
assign continuously to any pair (xi,X2) G Ki+i,2 another vector X3 orthogonal to Xi and 
X2 except for the cases n = 2,6, even without assuming any invariance under a group 
action on Vn+i,2- 
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